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Question
®00

General Question

Convex risk measures
@ well-studied on L in various aspects:
Delbaen, Félimer, Schied, Kusuoka, Jouini, Schachermayer, Touzi, Kupper,...
@ A direction: From bounded to unbounded, e.g.,

e LP: Kaina/Ruschendorf, Acciaio; Orlicz (type) spaces: Cheridito/Li, Arai
o Abstract Fréchet lattices: Biagini/Frittelli ...
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@ well-studied on L in various aspects:
Delbaen, Félimer, Schied, Kusuoka, Jouini, Schachermayer, Touzi, Kupper,...
@ A direction: From bounded to unbounded, e.g.,

e LP: Kaina/Ruschendorf, Acciaio; Orlicz (type) spaces: Cheridito/Li, Arai
o Abstract Fréchet lattices: Biagini/Frittelli ...

A “General” Question
How far can we go beyond L*>°?
@ usual flow: given a space 27, what p’s are possible?

@ ours: given a p on L*°, what spaces are possible?

o Starting from a “regular” risk measure p° on L°,
e extend p? to as big space 2 as possible preserving the regularity.
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General Question

Convex risk measures
@ well-studied on L in various aspects:
Delbaen, Félimer, Schied, Kusuoka, Jouini, Schachermayer, Touzi, Kupper,...
@ A direction: From bounded to unbounded, e.g.,

e LP: Kaina/Ruschendorf, Acciaio; Orlicz (type) spaces: Cheridito/Li, Arai
o Abstract Fréchet lattices: Biagini/Frittelli ...

A “General” Question

How far can we go beyond L*>°?

@ usual flow: given a space 27, what p’s are possible?
@ ours: given a p on L*°, what spaces are possible?

o Starting from a “regular” risk measure p° on L°,
e extend p? to as big space 2 as possible preserving the regularity.

What is the maximal such & ? exists?
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General Question

Some Definitions
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Question
ooe

General Question

Convex Risk Measure

2" c L°: vector space.
@ p: Z — RU{+o0} is a convex risk measure if

(R1) convex: p(@X +(1—a)Y) <ap(X)+ (1 —a)p(Y) ifa € (0,1);
(R2) monotone: X < Y a.s. = p(X) = p(Y);
(R3) cash-invariant: p(X 4+ o) = p(X) —« if ¢ € R.
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General Question

Convex Risk

2" c L°: vector space.

@ p: Z — RU {+o0} is a convex risk function if
(R1) convex: p(aX + (1 —a)Y) <ap(X) + (1 —a)p(Y) ifx € (0,1);
(R2) monotone: X < Y a.s. = p(X) < p(Y);
(R3) cash-invariant: p(X 4+ o) = p(X) +« if ¢ € R.
Just a matter of taste! But we prefer convex & increasing functions.

@ A couple of normalization:
(R4) p(0) =0;
(R5) P(A) > 0= p(als) > O0forall« > 0.

o If ' = L*°, (R2,3) show —|| X]leo < p(X) < || X]lco, hence finite-valued.
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Question
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General Question

Convex Risk

2" c L°: vector space.

@ p: Z — RU {+o0} is a convex risk function if
(R1) convex: p(aX + (1 —a)Y) <ap(X) + (1 —a)p(Y) ifx € (0,1);
(R2) monotone: X < Y a.s. = p(X) < p(Y);
(R3) cash-invariant: p(X + «) = p(X) +« if & € R.
Just a matter of taste! But we prefer convex & increasing functions.

@ A couple of normalization:
(R4) p(0) =0;
(R5) P(A) > 0= p(als) > O0forall« > 0.

o If ' = L*°, (R2,3) show —|| X]leo < p(X) < || X]lco, hence finite-valued.

. . def
@ Avectorspace 2" C L%issolid & [X| <|Y|& Y e 2 = Xe 2.
o L9%is a Riesz space (vector lattice) with the order “<, a.s”
o If 2 is solid, then | X| € 27, hence a lattice on its own.
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Problem & Goal

Regularity Properties: Lebesgue vs Fatou

Fatou : X, — X a.s., |[X,| < |Y].3Y € 2 = p(X) < liminf, p(Xp).
Lebesgue : X, — X a.s., | Xy <|Y], Y € 27 = p(X) = lim, p(Xp).
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Regularity Properties: Lebesgue vs Fatou

Fatou : X, — X a.s., |[X,| < |Y].3Y € 2 = p(X) < liminf, p(Xp).
Lebesgue : X, — X a.s., | Xy <|Y], Y € 27 = p(X) = lim, p(Xp).

@ If 2" =L "X, <|Y| &Y € L® & sup, | Xn]leo < o0, thus
o Fatou (resp. Lebesgue) < weak™*-Isc (resp. continuity).
@ Lebesgue on L*° = Fatou on L*® = “good” dual representation:

p(X) = sup (Eq[X]—¥(Q)). y(Q):= sup (Eq[X]—p(X))
<P XeLo®
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Problem & Goal

Regularity Properties: Lebesgue vs Fatou

Fatou : X, — X a.s., |[X,| < |Y].3Y € 2 = p(X) < liminf, p(Xp).
Lebesgue : X, — X a.s., | Xy <|Y], Y € 27 = p(X) = lim, p(Xp).

0 If 27 =L, X, <|Y| &Y € L% & sup, || Xnlloo < 0o, thus

o Fatou (resp. Lebesgue) < weak™*-Isc (resp. continuity).
@ Lebesgue on L*° = Fatou on L*® = “good” dual representation:

p(X) = sup (Eq[X]—¥(Q)). y(Q):= sup (Eq[X]—p(X))
<P XeLo®

e Lebesgue seems strong, but at least on L,

(Special Case of) Delbaen (2009, Math. Finance)

If p: L°° — R has a finite-valued extension to LP, 3p < oo (and (22, F, P) atomless),
p has the Lebesgue property on L°°.

@ “I” don’t know any concrete example that violate this!!
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Problem & Goal

Extension of Convex Risk Function

Definition (Regular Extension)

p:% — RU {+o0} is a regular extension of p° : 2" — R U {+oo} iff
@ 2 C % andp|ly = p°%
@ pis Lebesgue on #.
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Problem & Goal

Extension of Convex Risk Function

Definition (Regular Extension)

p:% — RU {+o0} is a regular extension of p° : 2" — R U {+oo} iff
© 2 C ¥ andp|ly =%
@ pis Lebesgue on #.

@ Compatibility: & C # & Lebesgue on % = on 2.

Example: p(X) = log E[exp(X)] (entropic risk measure).

@ Obviously, this is well-defined with Fatou on L0,
e pis Lebesgue on M®*P := {X : E[exp(«|X]|)] < oo, Ya > 0} (Orlicz heart), but
@ NOT on L®P := {X : E[exp(«|X]|)] < oo, Ja > 0} (Orlicz space).
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Problem & Goal

Goal of This Talk
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Question
0000

Problem & Goal

Question

Given a convex risk function p° : L> — R with the Lebesgue prop. on L>°,

What is the maximal solid 2 C L° to which p° has a regular extension?

@ Exists? Unique?? What kind of the space???

Our “philosophy” on the study of risk measures on 2" 2 L*°
@ Usual way: reconstruct a whole theory exactly as did in L*°:

e characerizing the “order-continuous dual” 2,7,
o as well as the topology o(Z", Z;7) < difficult
e checking o (2", 2 ~)-Isc, obtaining dual representation......

@ But risk measure is “something like a measure”,

@ its structure “should be” determined on L°°,
@ we want to obtain “maximal” results with “minimal” effort.
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Problem & Goal

Why ? Why Fatou?

Lebesgue property
@ justifies “approximation by bounded r.v.s”

p(X) = limy p(X1x12ny) = limalime p(((—=n) v X) A m)
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p(X) = limy p(X1x12ny) = limalime p(((—=n) v X) A m)

o Mathematically, this guarantees uniqueness of extension.
e Practically, provide a big toolbox available for computation.

@ is stable under inf-convolution:
pOf(X) = infy{p(X = Y) + f(Y)}

o Risk indifference pricing, asset alocation.
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Question
ooooe

Problem & Goal

Why ? Why Fatou?

Lebesgue property
@ justifies “approximation by bounded r.v.s”
p(X) = limy p(XTgx1<ny) = limp limm p(((=n) v X) A m)

o Mathematically, this guarantees uniqueness of extension.
e Practically, provide a big toolbox available for computation.

@ is stable under inf-convolution:
pOf(X) = infy{p(X = Y) + f(Y)}
o Risk indifference pricing, asset alocation.
@ provide a “good” duality for robust utility maximzation/indifference price:
sup inf (Ep[U(6 - ST + B)] + y(P)) 2 infcertain functional of Q"
g PP Q

o Relatively easy if Q is allowed to be non-o additive.
o Need a kind of compactness (< Lebesgue enough, Fatou is not enough)
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Main Result
©000000000000

A Simple Observation
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Main Result
0O®00000000000

Very simple observation

Let 2" C L° be a solid subspace, and p : 2" — R U {+o0} given
@ If p is Lebesgue on 2, it must satisfy

lim X1 =0, Va>0.

Jim_p (@lX[14x1-m) «

o |aX1{\X|>N}| <ol X|le Z &Xe 2 = ‘YX1{|X\>N} € 2 (since solid)
@ and obviously a X1 x>y — O a.s.

e In particular, p must be finite valued on 2:
—p(=IXI) = p(IX]) = $(o(11X|1(x1>y) + N) for some large N.
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Very simple observation

Let 2" C L° be a solid subspace, and p : 2" — R U {+o0} given
@ If p is Lebesgue on 2, it must satisfy

lim X1 =0, Va>0.

Jim_p (@lX[14x1-m) «

o |aX1{\X|>N}| <ol X|le Z &Xe 2 = ‘YX1{|X\>N} € 2 (since solid)
@ and obviously a X1 x>y — O a.s.

e In particular, p must be finite valued on 2:
—p(=IXI) = p(IX]) = $(o(11X|1(x1>y) + N) for some large N.

@ Thus p° can not be regularly extended beyond
“ {X el liMy= oo “PO”(a|X|1{|X\>N}) =0, Yo > O} 7« only formal at now
o If“p0: L(jr — R” is well-defined, this space is solid (clear) & linear since

X+ Ygx+yi=ny = AXT+H1YD (xivismngxi= vy + Taxi+vi=mngxi<ivi)
< 2|X1gx>ny2y +21Y 1 v|>n/2)
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Main Result
00®0000000000

Suppose p° : L — R has Lebesuge (hence Fatou) then,

p°(X) = SULIO (EalX]—y(Q)). Xel™

V(@) = XSLiEo(EQ[X] —0°(X)), Qy ={Q < P:y(Q) < oo}

Maximal Regular Extension of Risk Measure Keita Owari 13/24



Main Result
00®0000000000

Suppose p° : L — R has Lebesuge (hence Fatou) then,

p°(X) = 5ULIO (EalX]—y(Q)). Xel™

V(@) = Sup (EalX] = p°(X)), Qy :={Q < P: y(Q) < o0}
€ o0
@ This expression makes sense far beyond L*°. Define
p(X):= sup (EalX] —y(Q)). X Dy := (X € L% X~ € Naeo, L'(Q)}
€Ly

e Dy is not linear, but a convex cone with LS’r C Dy.
@ p is convex, monotone, cash-invariant (i.e., a “convex risk function” on D).

o plieo = p0 (= p(0) = 0 and sensitive).
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Suppose p° : L — R has Lebesuge (hence Fatou) then,

p°(X) = 5ULIO (EalX]—y(Q)). Xel™

V(@) = XSLiEo(EQ[X] —0°(X)), Qy ={Q < P:y(Q) < oo}

@ This expression makes sense far beyond L*°. Define

P00 = SUp (EqlX] = y(Q): X €D, i= (X € L°: X € Nacg, L'(Q)

e Dy is not linear, but a convex cone with LS’r C Dy.

@ p is convex, monotone, cash-invariant (i.e., a “convex risk function” on D).
o plieo = p0 (= p(0) = 0 and sensitive).

Now the following makes sense
M {X el: |ImN_>OO,O( |X|1{|X\>N}) =0, Vo > 0}

@ From prev. arguments, L*° C Mf and M{,3 is a solid subspace
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IX] :=inf{A > 0: p(|X|/A) <1} <« gauge, Minkowski func.
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IX] :=inf{A > 0: p(|X|/A) <1} <« gauge, Minkowski func.

Easy to observe:
@ | - |l is a seminorm « standard in Orlicz space theory
o | X|<|Y|I=I|X|=<I|YI ie.| -] isa lattice seminorm
0 X <o00e pa|X]) <oo,da>0<""Va>0«Xe M.
o “=”clear. “<": p(ea|X|) = plea| X] + (1 —¢)0) < ep(x|X]) | O.
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Main Result
000®000000000

IX] :=inf{A > 0: p(|X|/A) <1} <« gauge, Minkowski func.

Easy to observe:

@ | - |l is a seminorm « standard in Orlicz space theory
o [X| < |Y|=|X| =Yl ie.| | is alattice seminorm
@ ||X|| <00 pa|X]) <oco,da>0«“"Va>0« XeM.

o “=” clear. “<”: p(ealX|) = plea|X| + (1 — £)0) < ep(e|X]) | O.

An Elementary Inequality
XMl @ = A+ (@)X, VQ < P.
@ |X||=0=|X|1(q,) =0« X=0as. — || - || is a norm

o (R5) (sensitivity) < 3Qy ~ P, y(Qp) < oo.
® M CNaeo, L'(Q) = Dy N (=Dy) = p is well-defined on M}

@ Also, —oo < p(X) < p(|X|) < oo, hence p is finite valued on Mﬁ.
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(p, M) is the

M = (X € L°: limy (@l X|1qxj>n3) = 0. Y > O}, [ X]| = inf(k > 0: 3(IX|/A) <1}

Theorem 1 (M{? is the maximum solid space admitting a extension)

Q (M, | - |I) is an order-continuous Banach lattice, i.e.,

° (Mf;’, |l - |) is a Banach space and | - || satisfies | X| < |Y| = || X] < | Y],
e X — || X|| has Lebesgue (order-continuous):

Xp— 0as. &3Y e ME, (Xl < |Y| = limp | Xa|l = O. (%)
Q (., M) is a regular extension of p°, and if (p, 2°) is such (2" solid),
%'cMﬁandpzﬁon g
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Main Result
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(p, M) is the

ME = (X € L limy j («lX|1x=3) = O, Yo > 0}, [ X[ = infk > 0: p(IX|/A) <1}

Theorem 1 (M{? is the maximum solid space admitting a extension)

Q (M, | - |I) is an order-continuous Banach lattice, i.e.,

° (Mf;’, |l - |) is a Banach space and | - || satisfies | X| < |Y| = || X] < | Y],
e X — || X|| has Lebesgue (order-continuous):

Xp— 0as. &3Y e ME, (Xl < |Y| = limp | Xa|l = O. (%)
Q (., M) is a regular extension of p°, and if (p, 2°) is such (2" solid),
%'cMﬁandpzﬁon g

@ Given @, Lebesgue prop. of p follows from an extended Namioka-Klee:
Y monotone convex function f on a Banach lattice is norm conti. on intdom(f).
@ p is finite, monotone, convex & | - || has Lebesgue = p has the Lebesgue.
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Some Keys

pla|X1gxi>ny) 4 0, Yo > 0 & [ XTx=nyll L 0 & [[X14,ll L O (P(An) | 0). J
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Some Keys

pla|X1gxi>ny) 4 0, Yo > 0 & [ XTx=nyll L 0 & [[X14,ll L O (P(An) | 0). J

o M’ is complete w.rt. || - |: let (Xp) € M5, X € L°, | X — X,|| — O.
e Xe Mﬁ IXTgxi>mll < 1X = Xall + 1 Xn1gx1>n3 1l Xn € M & P(X| > N) | 0
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Some Keys

pla|X1gxi>ny) 4 0, Yo > 0 & [ XTx=nyll L 0 & [[X14,ll L O (P(An) | 0). J

o M’ is complete w.rt. || - |: let (Xp) € M5, X € L°, | X — X,|| — O.
e Xe Mﬁ IXTgxi>mll < 1X = Xall + 1 Xn1gx1>n3 1l Xn € M & P(X| > N) | 0
@ || - || is order-continuous: X, — 0 a.s. &3Y € M, [Xn| < |Y| =

n
IXnll < 1Y gyi>nll + 11Xal ANT (X AN = 0&[[|Xn| A Nlloo =< N

o Lebesgue prop. of p° on L implies Lebesgue of || - || on L°°.
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Some Keys

pla|X1gxi>ny) 4 0, Yo > 0 & [ XTx=nyll L 0 & [[X14,ll L O (P(An) | 0). J

o M’ is complete w.rt. || - |: let (Xp) € M5, X € L°, | X — X,|| — O.
o XM X1 xi>nyll < I1X = Xall + 1 Xn1 g x> m3 M- Xn € ME & P(1X| > N) | O
@ || - || is order-continuous: X, — 0 a.s. &3Y € M, [Xn| < |Y| =

n
IXnll < 1Y gyi>nll + 11Xal ANT (X AN = 0&[[|Xn| A Nlloo =< N

o Lebesgue prop. of p° on L implies Lebesgue of || - || on L°°.
@ Uniqueness & Maximality: Let p : 2~ — R Lebesgue (£ solid).

e p=pon Mp N 2 (easy). For 2" C M{,’, (p@| X1 x;=np) L 0= 4(-++) | 0)
P X x>ny) = sup, pa| X1 s x> ny) = SUpp p(--+)
p(X) = supqgeo, (Eq[X] — y(Q)) is conti. below on L%: 0 < X, 1 X a.s. =
A(X) = supgsup, (Eq[Xn] — 7(Q)) = sup,supq(---) = sup, p(Xn)

Maximal Regular Extension of Risk Measure Keita Owari 17/24



Main Result
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Why subscript “u”?
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Main Result
0000000080000

Analogy to Orlicz-Type Spaces

@ MP:={Xel%: pa|X|) <oo, Va > 0} « “Orlicz heart”.
o MicMP Ll :={Xel®: p(a|X|) <oo, Ja >0} < “Orlicz space”
@ Example (entropic case) : p(X) = log E[exp(X)]. In this case

MP = M®® .= (X : E[exp(a|X])] < oo, Ya} = M

LP = [®%® .= (X : E[exp(a|X])] < oo, Ja}.

@ A Question: always M2 Z M#?
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Analogy to Orlicz-Type Spaces

@ MP:={Xel%: p(a|X|) < o0, Va > 0} <« “Orlicz heart”.
o MEc MPcLP:={Xel®: p(a|X]) <oo, Ja >0} < “Orlicz space”
@ Example (entropic case) : p(X) = log E[exp(X)]. In this case

MP = ME® .= (X : E[exp(a|X])] < oo, Va} =

LP = [®%® .= (X : E[exp(a|X])] < oo, Ja}.

@ A Question: always M2 Z MP? NO!I!

Q =N, Pi({1}) =1, Po({1}) = 1= 1, Pa({n}) = , P := COMW(Py: n€N)

p(X) = sup Ep[X] = sup Ep,[X] (if X >0) < coherent
PeP n
<~ y(Q) =0if Q € P,= +o0 if not; P compact < Lebesgue.

o Take X(n) = n. Then
@ Ep,[X]=2—-1/n = sup, Ep,[X] =2 < oo hence X € MP.
@ BUT EPn[X1{X>N}] = 1{n>N} = sup, EPn[X1{X>N}] =1=X ¢M§
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Main Result
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Theorem 2 (M = “MP +

For X € M?, TFAE:

Q XeM;

Q (XdQ/dP: y(Q) < B}isUl, VB > 0. <« thus “u”
Q VY e L%, supgeg, (EalYX] — y(Q)) is attained.

0 Q= 0= Q:casy; @ = @: a“clever” use of a minimax.
o @ = ©: aperturbed James’s theorem:

Orihuela-Ruiz Galan 12

E: Banach, f: E — R U {400} coercive: limj oo f(X)/[IX|| = +o0. Then

sup({x, /) — f(x)) is attained V/ € E* = {x:f(x) < «} is weakly rel. compact
X€EE

o cf James: weakly closed & bounded C C E (Banach) is weakly compact iff

sup(x, /) = sup({x, ) — §c(x)) is attained VI € E* (C = {x:8¢c(x) <1})

xeC xeE
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An Application

“Lebesgue=Max=Compact’” Theorem




Main Result
0000000000080

Application: a convenient extension of JST theorem

@ Jouini-Schachermayer-Touzi, Delbaen: For p : L*° — R with Fatou, AE:

@ p has the Lebesgue property;
Q {Q:y(Q) < a}is weakly compactin L;
© supq(Eg[X] — y(Q)) is attained.
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@ p has the Lebesgue property;
Q {Q:y(Q) < a}is weakly compactin L;
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@ Orihuela-Ruiz Galan12: Same but with (LY, M¥") instead of (L, L).
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Application: a convenient extension of JST theorem

@ Jouini-Schachermayer-Touzi, Delbaen: For p : L*° — R with Fatou, AE:

@ p has the Lebesgue property;
Q {Q:y(Q) < a}is weakly compactin L;
© supq(Eg[X] — y(Q)) is attained.

@ Orihuela-Ruiz Galan12: Same but with (LY, M¥") instead of (L, L).

Corollary: Analogue of JST for Z (Dom = UlI)

p: 2 — R, Z solid, p|.~ has Fatou. Then AE

@ p has Lebesgue on 2;

Q {XdQ/dP: yoo(Q) < a}is Ul, VX € Z7; < yoo(Q) = supxe o0 (EalX] — p(X))
Q sup,_ (@)<co(EalX] — ¥ (Q)) is attained VX € 2.

@ All Orlicz spaces & hearts, LP with p € [0, oo] are solid.
@ No (weak & weak™) topology of £ involved!! < very very hard (for me)!!
@ Don’t need to understand what’s “o (2", 2™*)-compact™!!
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Final Comments

@ Robust representation of p on (Fréchet lattice) £": if Fatou,

p(X)= sup (Eq[X]-p"(Q)), p"(Q) := sup(EqlX]- p(X))
Qe(2) 4 1 Xex

e % : order continuous dual of .2 < not easy!!
Note: 2~ <= L*® = 2™* < ba: finitely additive signed measures.

@ Our regular extension (p, M{f) is unique & maximal, in particular,
Ifp: 2 — R has Lebesgue (and 2" solid),
p(X) = sup (EqlX] —y(Q)) with y(Q) = sup (Eo[X] — p(X))
QeQ, XelLo®

e Don’'t need to know what's Z;".
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Thank You for Your Attention !!

keita.owari@ gmail.com
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